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Abstract- In this paper, we investigate the stability of a
general N-user hybrid ALOHA system. In [1], based on the
multipacket reception model, the hybrid ALOHA protocol was
proposed and the stability region in the case of N = 2 was
presented. Utilizing the result for N = 2, in this paper, by
means of stochastic dominance and mathematical induction, we
find out the sufficient condition for the stability of the more
general N > 2 system. In particular, the N= 3 case is closely
studied. It is shown that the stability inner bound of the N = 3
system can be obtained by solving a general Riemann-Hilbert
problem.

I. INTRODUCTION

The study of interacting queueing systems has received
enormous attention due to their importance in applications
(e.g., multiple-access channel models and shared computer
processor systems) as well as to their theoretical interest.
Among various design tasks of these systems, a fundamental
issue is stability, loosely understood as the ability of a system
to keep the queue length in a bounded region.

Extensive research on stability has been carried out for
slotted ALOHA. However, in spite of its simple form,
queueing theoretic analysis of ALOHA is truly difficult even
under the collision model. The stability analysis of finite-user
slotted ALOHA was initialized in [2], where the ergodicity
conditions of the system were found. A simple bound for the
stability region and the explicit stability region for the N = 2
user case were also obtained. Some improved bounds for the
queue lengths were presented in [3], [4]. The exact stability
region of ALOHA for the finite-user case was obtained for
a simple arrival process in [5], yet the general results for
arbitrary arrival distributions are still unknown. In [6], the
sufficient and necessary conditions were established for the
stability of queues for a fixed transmission probability vector
for the N > 2 case.

All the works discussed above were based on the col-
lision model. A breakthrough was made in [7], where the
multipacket reception (MPR) model was adopted for slotted
ALOHA, enabling the probability of the successful simulta-
neous transmissions from different users. The stability region
for N = 2 case under the MPR model was characterized and
the result was extended to the symmetric N > 2 user system.
In [1], a hybrid ALOHA protocol was proposed based on
the MPR model and some stability and delay results were
derived for the N = 2 case. In this paper, by means of
stochastic dominance, the stability conditions of the system
for the N > 2 case were further investigated.

II. PROBLEM FORMULATION

A. System Model

Consider a wireless network with a set M of N users,
M {1, 2, ... N}, communicating with a common access
point. Each user is equipped with an infinite buffer for
storing arriving and backlogged packets. When the buffer
of the ith (i C M) user is nonempty, he tosses a coin to
determine whether he transmits in the current slot or not.
The probability of transmission of the ith user at each slot is
assumed to be pi. The packet arrival processes are assumed
to be independent from user to user. Furthermore, packets
are assumed to be of equal size for all users and to be
composed of two parts: the first part is the training sequence,
and the second part is the information data. The length of
the training sequence is typically much smaller than that of
the information data. The channel is slotted in time, with
slot period larger than the packet length, as will be discussed
in Section II-B. The arrivals of the ith user are independent
and identically distributed (i.i.d) Bernoulli random variables
from slot to slot, with the average number of arrivals being
Ai packets per slot.
We adopt the general MPR model in [7] where the multi-

user physical layer is characterized by a set of conditional
probabilities. For any subset S C M of users transmitting
in a slot, the marginal probability of successfully receiving
packets from users in R C S, given that users in S transmit,
is defined as

(1)q3ls= E qu,s,
&LRCUCS

where qU,S is defined as the probability of the event that
given users in S transmit, only packets from L are success-
fully received, U C S.

B. The Hybrid ALOHA Protocol

We briefly review the hybrid ALOHA protocol proposed in
[1]. In hybrid ALOHA, each slot contains sub-slots including
training sections, data sections and idle sections. We assume
that the physical layer can accommodate M users, that is,
given the reasonably accurate channel estimation, one user's
packet can be successfully decoded if and only if there are no
more than M simultaneous users. In hybrid ALOHA, M -1
idle sections are inserted to each traditional ALOHA slot,
such that collision-free channel estimation is made possible
for each user.

Fig. 1 illustrates the slot structure of hybrid ALOHA in the
case of M = 2. That is, successful transmission is possible
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Fig. 1. Illustration of the hybrid ALOHA protocol for M 2.

only when there are no more than M = 2 simultan
users. Throughout the paper, without loss of generality
investigate this specific case for description convenie
Each slot has M + 1 = 3 sub-slots. The preceding M
sub-slots, each having a length of T, are the "pilot sub-s]
reserved for training sequences. When a user is involve
a transmission, we assume that the selection of the pilot
slots is of equal probability. The information data is al+
transmitted in the last sub-slot referred to as the "data
slot". We assume that the length of the data sub-slot is I
with T << 1.

For description simplicity, we consider the Simplistic
sumption ,which assumes that users colliding in pilot
slots fail in transmission, whereas those who have collis
free channel estimation survive, given that there are
more than M users transmitting simultaneously in one
Based on this model, the sufficient condition for stabilit
N > 2 hybrid ALOHA systems is derived in the next sec
Nevertheless, the arguments of the derivation can be apt
to more general MPR models beyond the simplistic mo

III. SUFFICIENT CONDITIONS OF STABILITY FOR N :

The mathematical definition of stability is given as foll(
Definition 1: [6] A multidimensional stochastic pro

Nt = (Ni, ,NN) is said to be stable if for x C NN
following holds

lim Pr{NL < x} = F(x) and lim F(x) = 1,

where F(x) is the limiting distribution function.
For an N-user system, the stability region is define

the set of arrival rate A = [A1, A2,... , AN] for which t
exists a transmission probability vector p = [P1 P2 ,
such that the queues in the system are stable. When N
suppose the arrival rates for the two users are Al anc
(packets per slot), and their transmission probabilities ar
and P2, respectively. We have the following result.

PsIIcc(P) =Pi J (1-Pk) >3 (Pr{
kEU\iP2 z8G{O,1} S1

2

+(EPi [Pk, rl(1-
,=1 kcEU\i2 k'EU\{i,k}

2

+ -Pk(1 Pk)(,Pi,j
kcEU\ij j=1 zSEG{,1} S

Ai < pi , for A? <pi p-pi/2,2 {1, 2}\{i}, i= 1,2.
2 -Pi

(3)

In the case of N > 2, the method of stochastic dominance
and the Loynes Theorem will be used to derive the sufficient
condition for stability of hybrid ALOHA. To achieve this
goal, we construct a modified system as follows. Let P =

{S, U} be a partition ofM such that users in S :t M work
exactly in the same manner as in the original system, while
users in L persistently transmit dummy packets even if their
queues are empty. Users in U are called persistent and those
in S nonpersistent. Such modified system is denoted by 0<P.
Let N, = (Nj, Nb) denote the queue lengths in 9'P and
it can be proved that N, stochastically dominates Nt of
the original system provided that the initial conditions are
identical [2], [3].
By the construction above, the process Ns is an S -

dimensional Markov chain that mimics the behavior of the
original system. Note that the system consisting of users in
S forms a smaller copy of the original system with modified
reception probabilities [7].

Induction arguments can then be applied to establish the
stability conditions. We further assume that the Markov chain
N' is stationary and ergodic. We denote the stationary
version as Ns to indicate that the process starts from the
stationary distribution.

Let Yij(2) be the departure process from the ith queue in
the dominant system enP. Given that Yi/(2) is stationary, we
denote Psiuc(P) = E[Yif(P)] the probability of a successful
transmission from the ith user in system en, which is
given by (4) on the bottom of this page, where Pi,j is the
transmission probability of the training sequence at sub-slot
j for user i, hence the transmission probability of user i in
one slot is given by pi 2 iPi,j x(k) 0 for k = 0

and x(k) = 1 for k > 0. (Ns) (X(No ),* x(Ni )
with ik C S for all k = 1, , ISl. The first term of the
right-hand side of (4) represents the probability of successful
transmission of user i when no one else transmits. The second
and third terms represent the probabilities of successful
transmission of user i when there is another user involved in
transmission. These two terms correspond to the cases when

ZS} Jl (1 -Pk) )

kS\Sij

Pkz)]) E (8rfx({,)
Zs{fo,l}lsI

zS} JH (1
Z SI (I

-Pk) k)

(4)P,rfX(Ns) =ZS}*[ E 1(Zk= l)pkjk 11 (1-Pk' S{k']),
I kS\fil k'S\fi,k
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the other user belongs to U and S, respectively.
Let &H-ALOHA be the stability region of the original

hybrid ALOHA system. Let &M and &s denote stability
regions for dominant system (9P, and the system consisting
of nonpersistent users S under the partition of P = (S, U),
respectively. Defining

.AA U{ = {1,***, AN}: Ak < Pskcc(P) Vk C U and As c Es},
'P

(5)
we have the following result.
Proposition 1: If AM = {1A, AN} C 3M, then

hybrid ALOHA is stable, i.e., &M C (H-ALOHA-
Proof: Please refer to Appendix A.

Evaluation of the stability condition for the general N is
nontrivial, if not impossible, due to the difficulty in evaluating
the stationary distribution of the queues with arbitrary input
distributions. In the next section, the specific case of N = 3
is inspected and the stability inner bound is derived.

IV. SPECIAL CASE: STABILITY INNER BOUND FOR N = 3

A. Inner Bound Characterization

with

K(x, y)

a(x, y)

b(x, y)

c(x, Y)

1 P1P2(l - p3/2)
(xAi + A,)(yA2 + A2) x

p2p1(I - p3/2) P1P2P3 A
y 2xy

PP2(I - p3/2) + PIP2(I - p3/2)
y x

+pI(l(- p3/2)(1 - 2p2) +p1p2p3/
p1p2(I - p3/2) + p2pl(I - p3/2)

+.
x y

PIP2P3 +
2xy

/2,
PIP2P3 +
2xy

+P2(I - P3/2)(I - 2p) +plp2p3/2,
P1P2P3 p1p2(I - p3/2) Pp2( - p3/2) +
2xy y x

+ Ip1P2(3 - P3),2

where A = 1 - (1 - P3/2)(pi1-2 +P1P2) - P1P2P3/2.
Using (4) and assuming that Pi,j = pi/2 for i

1, 2, 3, j= 1, 2, we can easily have the following results.

(9)

G3(1, 0))],

PS UCC (P3 )

P3[1-P (1-G3 (0, 1)) -1P2((

P2[I 1-I2 2~

Pslucc(3) = Pp[I-IP3-IP2(1-G3(1,0))]. (10)

Recall that 'P {S, U} is a partition of M. Consider three
partitions Pi {S,U} A4 , {i}}, where A4i A4\{i},
= 1, 2, 3. Define the other three partitions Pi {S,=U

{{i},4 i}, i 1,2, 3. It is easy to verify that Psiv, (Pi) <
PS,t(Pi) for any t. Hence it follows from Proposition 1
that the stability inner bound R is the sum of three regions
Ri corresponding to Pi, i = 1, 2, 3, respectively. In what
follows, we inspect in details the region R3 corresponding
to 23 = {{1, 2}, {3}}. The other two regions i1 and l2
can be easily obtained through similar procedures.

Let Ni and Q3 denote the queue length and the number
of arriving packets of user i (i = 1, 2) in time slot t,
respectively. Let F3(x, y) be the moment generating function
of the joint arrival process for user 1 and 2. Thus, for 1xz < 1,

<<1, t e N

F3(x, y) = E(xtpy)= (xA1 +A,) (yA2 + A2), (6)

where Ai = 1-Ai, for i 1, 2.
Let G3 (X, y) be the moment generating function of the

joint stationary queue process, viz.,

G3 (X, y) = lim E(xN yN2 ) (7)

By investigating the evolution of the queues, we can derive
the following functional equation:

K(x, y)G3(X, Y) a(x, y)G3(0, y) + b(x, y)G3(X, 0) +
+c(x, y)G3(0, 0), (8)

Hence stability region R3 is characterized by R3 = {Ai <
Pslucc(-P3),i = 1,2,3}. The other two regions R1 and R2
can be similarly calculated. We then have:

Proposition 2: Hybrid ALOHA is stable in the region
i = U3k=1lRk, with

(1 1)

where Psucc(Pk), k = 1, 2, 3, are obtained as in (10).

It is seen from (10) that the probability of success

PsUcc(Pk) depends explicitly on Gk(0,0) and Gk(1,0) (or
Gk (0, 1)). These functions are generally nonlinear functions
of the input rates. It will be shown in the sequel that finding
out the explicit expression of these functions reduces to
solving a general Riemann-Hilbert problem. The analysis
follows the procedures given in [8], [9].

B. Analysis of the Kernel K(x, y)

The analysis of the kernel K(x, y) is the key to solving the
functional equation (8). For description simplicity, in what
follows we omit the subscript of the function Gk (X, y). Since
G(x, y) is analytic in x < 1, IyI < 1 and continuous in x <
1, IyI < 1, the right-hand side of the equation (8) must vanish
whenever the "kernel" K(x, y) vanishes for x < 1, Iy < 1.
Such a property is essential in finding the resolution of (8).

Solving for x the equation K(x, y) = 0, we shall have a
root x = x(y) satisfying

A(y)x2 + B(y)x + C(y) = O, (12)
572

'Rk = fAi < Pi.,,(Pk) . t = 1. 2. 31.



where

A2A(y) = A1 [plp2( -p3/2)(A2 +- +A(yA2 +A2)],

B(y) = [Alpip2(l-p3/2)+AiA](yA2 +A2) +

+[AlPiP2(- P3/2) +Al> 223](A2 +A2

C(y) = Alp,p2 ( -P3/2) (yA2 +A2) +PAl 2(A2 +A-c (y) p ~~~~~2 y

C. Reduction to the Riemann-Hilbert Problem
It will be shown in this subsection that the problem of

finding out the expressions of function G(x, 0) and G(O, y)
reduces to solving a general Riemann-Hilbert boundary value
problem.

Riemann-Hilbert Problem: Let L+ be a finite or infinite
region, bounded by a smooth contour L. It is required to
find a function (z), holomorphic in L+ and continuous in
L+ U L, satisfying the boundary condition

(13)

with D(y) = B(y)2 -4A(y)C(y). Defining t(y,) =

-B(y) -2 cos(q) A/(y)C(y), we have the following lemma.

Lemma 2: For X C [u, 27], the equation t(y, p) = O has
exactly two real roots y = rl (X) and y = r2 (X) which satisfy
0 < rl(q) <1 <r2(5).
Proof: This lemma can be proved by verifying t((0, ) < 0,

t(1, b) > 0 and tx(o, b) < 0.

Since D(y) = t(y, O)t(y, 7), it is readily seen that Yi

rl (w), Y2 = rl (0),y3 = r2 (0), y4 = r2 (7) are the four

zeros of D(y) (branch points of x(y)) satisfying 0 < Yi <
Y2 < 1 < y3 < y4. This result is evidently also valid for
the branch points Xl,X2,X3,X4 of the function y(x). The
following lemma then holds.
Lemma 3: The equation K(x, y) = 0 has one root x

k(y) which is an analytic algebraic function of y in the whole
complex plane cut along [Yl, y2]U[y3, y4]. Moreover, k(y) <
I for IyI = 1.

Similar propositions apply to y(x): i.e., there exists y

h(x) such that K(x, h(x)) = 0 with h(x) < 1 for 1x 1.
Proof: Please refer to Appendix B.

Defining

pj)) . (AA[PlP2(I-1 P3/2)rlQ7$)+PlP2/2))3 (14)

we then have the following result.
Lemma 4: k(riQ (7)) = p(q5)eik for [0, 2 7r].

Proof: From Lemma 3, x(y) = k(y) is the algebraic branch
of K(x,y) = 0 such that lx(y) < 1 for yI = 1. Denote
kc(y) as the other root of equation K(x, y) = 0. It is shown
that for y C\[Yl, Y21 U [y3, y41, the minus and plus signs
in (13) correspond to k(y) and kc(y), respectively (compute
k(l) and kc(l)).

Observe that y = r1 () sweeps twice the cut [Yl, Y2] as

X traverses the interval [0, 27], then k (riQ(5)) and kc(riQ(5))
are two conjugate complex numbers satisfying

k(rl())kc(rl()) = C(ri(o)) = pP(Q)) 2 (15)

From the definition of the algebraic branch, it is easy to
deduce that k(rl(C)) = pWC)eio, X C [0, 27].
The image of the cut [Yl, Y21 under the mapping x = k(y)

is then denoted as Lx{xc C : x = p()eik, Xb C [0, 27]},
which is a smooth closed contour enclosing 0.

R[U(z)>(z)] = V(z) on L, (16)

where U(z), V(z) are continuous functions given on L.
The formulation of the boundary value problem is illus-

trated below.
For pairs (x, y) satisfying K(x, y) = 0 and x < 1, yI <

1, we should have

a(x, y)G(O, y) + b(x, y)G(x,O) + c(x, y)G(O,0) = 0. (17)

Defining D = {ye C : IyI < 1, Ik(y)l < 1} and D= {Y C
C IyI < 1, Ik(y)l > 1}, we have for y C D

a(k(y), y)G(0, y)+b(k(y), y)G(k(y), 0) c(k(y), y)G(0, 0).
(18)

G(0, y) and G(x, 0) are analytic in D\[yi, Y21. When Yy 1,

k(y) is in the region containing the curve Lx. Then (18) can

be used to continue G(x, 0) as a meromorphic function up to

Lx. The eventual poles of G(x, 0) are the zeros of b(k(y), y)
for y C D,

Since for y C [Yl, Y21, the power series expansion
of G(O, y) has positive coefficients, it is easily seen that
XR{iG(O, y)} 0= for y C [Yl, Y21. Hence it follows that

ib(x, h()) G(x, 0)}
a(x, h(x)

ic( h(())G(O, 0)}, for x C Lx.
a(x, h(x))--\ \ ,,/ - \ --7, \ ,,/

(19)
Suppose xa is the eventual zero of a(x, h(x)) on Lx. We

reformulate (19) into

a(x, h(x)) a(x, h(x))
(20)

where a = 0 when the zero x, does not exist and a = 1

otherwise.
Similarly, denote Xb as an eventual root of b(x, h(x))

on Lx. Let

U(X) = b(x, h(x)) (x-xa)
a(x, h(x))(x -Xb)

where -i = 0 when the root does not exist and -i =

otherwise. Furthermore, let

0

1

aJ G(0, 0)}.a(x,h(x))(x -

The problem then reduces to finding a function G(x) which
is analytic in L+, continuous in Lx U L+ and satisfies

(21)RfiU(X)O(X)} = V(z).
Consequently, from (20), we have

G(x, 0) =( x() (22)
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This is typically a Riemann-Hilbert boundary value problem.
The function G(0, y) can be obtained in the same manner.

D. Solution to the Riemann-Hilbert Problem (21)

The solution of (21) can be directly obtained as in [10,
pp. 99-107] whenever the contour Lx is a unit circle. The
problem is more complicated when Lx is arbitrary. Fortu-
nately, Riemann's mapping theorem guarantees the existence
of a conformal mapping which maps Lx conformally onto
the unit circle. Such a mapping can be fulfilled at the aid of
the Theodorsen's procedure [11, pp. 70-73], which performs
the inverse mapping from the unit circle to Lx and is stated
in the following lemma.
Lemma 5: [11] The conformal mapping fo of the unit

circle z = eit,t C [0,27w] onto the curve Lx {x: x

p(q)e9,q c [0,27w]} is defined as

J0 (cit) = pWO)ct)io(t) (23)

where fo is assumed to be normalized by fo (0) = 0 and
f0(0) > 0. For z < 1, fo (z) is uniquely determined by

fo(z) = zexp[2]/ logp(7(t)) it dt], for z < 1,
0 ~~~~~~~~(24)

where 0(t) satisfies:

1ir2 1OM) = t-2r log p(¢ (U)) cot 2(-Pt)do, 0 < t < 27r.
2wJ 2

(25)
This is Theodorsen's integral equation for 0(t); it is a
nonlinear, singular integral equation.
The details of solving the equations in Lemma 5 can be

found in [11] and will not be discussed in this paper. We will
denote f(z) as the inverse of fo (z). Using Lemma 5 and the
methods in [11, pp. 68-69] and [10, pp. 99-107], we can find
the solution to the Riemann-Hilbert problem (21) as below.

Define the index of the non-homogeneous Riemann-
Hilbert boundary value problem (21) as

with
iU(t)

Jt) U(t) (30)

and

U(t)

V(t)

b(fo(t), h(fo(t)))(fo(t)
a(fo(t), h(fo(t)))(fo(t)

-ic(fo (t), h(fo (t))) (fo (t)
a(fo(t), h(fo(t)))

Xa)
Xb)

(31)

Xa) G(0,0)}.

(32)

For to C L, F+ (to) is defined to be the limit when t
approaches to along any path, which remains, however, on
the left of L, i.e.,

(33)F+(to)t= lim F(t).
t-to ,tCL+

Applying the Plemelj-Sokhotski formulas [11, pp. 32], it can
be seen that in (??)

() 2 ()27ri tl=1 t X (34)

Finally, G(x, 0) is obtained through (22).
On the other hand, G(0, y) can be computed through the

similar procedures, and consequently the stability bound in
Proposition 2 is explicitly determined.

V. CONCLUSIONS

In this paper, we studied the stability of hybrid ALOHA for
the general N > 2 case. The method of stochastic dominance
was applied to obtain the results. Specifically, by constructing
modified systems dominating the original system, and by
means of mathematical induction, sufficient conditions for
stability of the N > 2 user system were derived. Further-
more, we elaborated on the characterization of stability inner
bound for the special N = 3 case. The results were obtained
by solving a non-homogeneous Riemann-Hilbert boundary
value problem.

/S = -1arg[U(X)]xcLx,7w
where arg[U(X)]zxLx is the variation of the argume
function U(x) when x moves along the contour L
positive direction.
We present the solution to (21) for i > 0 as be]

function G(x) = H(f(x)) with H(z) defined in
(27), where,

F(z) = C . >r(z)

where C is a nonzero constant and

H(z)
I

Fz log[t 1 J(t)]dt
27ri tl=t-z

H() zKF(z) /) t--V(t)dt
27rJtl= U(t)F+(t)t

(26) APPENDIX

A. Proof of Proposition 1
Mathematical induction on N = lMl is applied to prove

the claim. Assuming that one transmits the training sequence
in either pilot sub-slot with equal transmission probability,
we can easily see that the region given by (5) is the stability
region for N 2 characterized in Lemma 1. Suppose M=
{1, 2} and 'P {S,} = {{2}, {1}}. If Pij = Pi,2 = 2Pi,
then from (4) we have

psucc() P2(-P1) + (P2,1P1,2 +P2,2P1,1) = P2 -P1P2/2,
(A-1)

(27){/ti 1 U()F+V(t)dt )+/+ 1U t-FV(t)dt ) F(z)
l Jlt=1 U(t)F+ (t)(t z) Jlt=1 U(t)F+(t)(t -z) J27r
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and

PStlCC(P) p=[P1 r{X(2NO) = O} + (1 -p2)Pr{X(N) = 1}]
+pl,Pr{x(N2) = l}P2,2

+p1,2Pr{X(N2) = l}P2,1. (A-2)

where

g (x y) =PlP2 (I -p3 /2) + P2Pl (I P3) P12!+PlP2P3 + A
x y 2xy

(B-2)
For ~y =1Iand y:~1, ~x~ 1,

Let U2 = P2- PlP2/2, then for A2 < P,2u,(P), the
probability Pr{N2 > 1} = A2/u2. We have

PSlCC (2) PO[1 _2 + (I1
A2

PiEi 2
P12 -pl

A2 ] + 2P1P2
U2 2 1

A2
U2

(A-3)

Hence we obtain the stability condition identical to (3) for
i = 1. Similarly, the condition of (3) for for i = 2 can

be obtained by performing the partition as 'P = {S,L} =

{{1}, {2}}. The union of the regions under these two par-

titions characterizes the stability region given in Lemma 1.
This proves Proposition 2 in the case of N = 2.
Now apply induction on N and assume that the claim

is true for hybrid ALOHA systems with number of users

less than N. We consider the dominant system (') under
the partition P {S, U}, and concentrate on proving the
stability condition for the system represented by NIP
(Nt, N). It is easy to know from the induction arguments
that Ns is stable for As C &s, where As = (Ail,. Ails )
with ik C S for 1 < k < S . Note that in the dominant
system eP, the set of users restricted to S are "decoupled"
from those in U, and they appear to be a smaller copy of the
original system with modified reception probabilities. Since
ISI < N, then by the induction hypothesis, the queues in S
are stable if As e &s.

Let As e &s, then we know Nt is stationary and
ergodic. Since the coin tosses and packet reception events

are independent from slot to slot, then if the process Nt is
initialized from its unique stationary distribution, the process

yt (2) is also stationary and ergodic for any i C U. By
the Loynes Theorem, it is shown that the persistent queue i
is stable in e') when Ai < E[Yft(P)] = Psucc(P), where

Pcc(P) is given by (4).
Therefore, if As C &s and i < Psucc(sP) for all i C U,

each queue in the dominant system e') is stable. This implies
the stability of the process NIP from Lemma 5 in [6]. By
virtue of the stochastic dominance, the original system is
then also stable. Since the partition P is arbitrary, the final
condition for stability is the union over all the partitions.

xyF(x, y)g(x, y) (xA, + Ai)(yA2 + A2)[Plp2( -P3/2)y
+P2P1( -p3/2)x+ 2 ++APy]3

< 1 =xy. (B-3)

Based on Rouche's theorem, this implies that for IY =

y #t 1, there exists exactly one x, 1x < 1 such that xy
xyF(x, y)g(x, y) = 0 and hence K(x, y) = 0.

For y = 1, K(x, 1) = 0 reduces to

(x
1)( _ Ai[pip2(1-P3/2) +PiP-2P3/21-*

A[1 -PlP2(I- P3/2) -PiP -2p3/2]

When A1 < P1P2(l - p3/2) + P1P2P3/2 as implied by (10),
x 1 is the only root.
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B. Proof of Lemma 3
The first part of the lemma results from the general theory

of polynomials of two complex variables.
The second assertion is proved by using Rouche's theorem

as below:
K(x, y) can be rewritten as

K(x,y)
xy - xyF(x,y)g(x,Y)

xyF(x,Y)
(B-1)
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